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008 of Theareno

Before we prQCééd*with tbe_ﬁfﬁéf§;31€E£ﬂ§.ﬂefi#é'ﬁ'ganeral resulf
for a class of Birth-Death ?:ocesses-liéjo
Let . o
- . (t} = Pr ifzndzﬁg n members 1n syszeu at txma t]
b dt = Pr [birth of a ey member duriuw any intarval of length
dt ln members already in syscem]
d dt w Pr {dedth of a member during any interval of length
dt |n members in system]

then, clearly

Pozg_é'dt);h ?I(t) @, de) ¢ ® (t§-(1-b 04E)

'__}:_"-'P'n(i:'"fi-_-'di:)'* 1&3 [T 1&1:3 + P, 1(a:) (o _;de)
+ P (z) {1-d % - b dt) IR B2l
From tﬁesé egus., we get . |
dP‘(t)fdt = d-?i(t)rbu?ettﬁ - PRE (a1§
ar (cmt 4 4qP () # bR 1(:3 _:éan«g;bn_jy?n(ay npl (A2

Let us now assume the existciice of a StEudj state dxstributhon for P (t}9

that is,

lin 2 {g) =2
tﬂequn o

Therefore lim dP {*)f&t = Q
td&ﬂﬂ

and so, we get, for eqns. (Al) and a2y,

¢ = leI - bo?g

s
8= d P T Bnafha ?n 0’ n

4 . .
lote that b, and d, ave assumed to be independent of time,
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The_solﬁtion'to thie set of difference equations is
n-1 _ : B .
I’u “Tr Po'(bi; d_i-z-j,) o e n 3_1 ‘(AS)
ix . .
whlch way easily be cheched,
Theorem 1 - proof: -
Civen OE(E) « W/ & B(M/C(Lp)
substituting for P {»¥) and rearranging cemsf'giveﬁ us
) o 1) T ' -
w {1 ! +. : ) 4
w0 - ahe negdler >
N-1 o
. g N . ﬂ“r ; .. - . .
where sii w%(ﬂ o Hifa: > 0
now S *-“Z(JP""‘_“? /) [U-1)/8] .. [n + /]
o o et - .
- S
therefore S ¢ yp = {p ~1)/Q1-p)
7w ‘ s
N R -
Serd e . -1 . i - 5
giving 0 < Sy € s | . | g . (a5)

How, for I = 1, -eéna (AL) .:gields_'

B(t) =~ 1/uC{l-p) | for U = é
thevefora, it is féaffici._ent to s‘-:im;.thai;.g.-

(e) > 11;;3(-1-@' for ail N'}I'l-, Ogp<xl
uging (AS) we get, fo?I(AQB | |

EQe) 2 (1/uC) (1 4 p /igi-p)]

B(=) 3 [C-p) ¢ o IAS0R)
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Letting 1-p = ¢ or 1-¢ = p, we see that

ol {l-p) < pN - Ty o (i-a}n 2 R 1o 3_1 _
thus  E¢t) » 1/uC{1l-p)

for all ¥, and in particular, the only case fo* which the equal*ty holds
is ¥ = 1, Hote that the equalicy vauld a‘sm hold for a = 0 but this
implies that p = 1, which we do not pﬂrmito Thus

E(t) > 1!;;0(-1_—93 for §>1, 0¢ p' <1

7

wilch completes the proof,

Theorem 2 - pronfs

The mathod of proof will be o siow the xmpnaslutlzty of
contrddlcting the theorem. '

- Suppose pe=0, Then ? (che probability that in the steady state
the system is empty}-approucges i, In such 2 case, an entering message
(which will, with probability arbitrerily close to 1, find an empty
system) must be assigned o cheonel 1 with probaﬁi;ity ii {and to channel 2
with probabilicy @y = 1-x)) f ene iy to have any hopa of coniradicting
the cheoven, _ |

ﬁcw.suppdse.p-uil; ghen P° and P, (che probability of one mas-
sage in the sysiem) hdéhjﬁpproaﬁh Q. ?hetéfnré; the channzl capacity
Cl assigred to channel 1 {which.iﬁplies G-Cl = Cé.fﬁr chamael 2) must
L2 chosen so that

¢ = Pr [chamel izempties'beforeféhanneizzlhoth channels busyls ®y

That is, with pﬁcbaazllty arbi "afiiy.éiaae'to 1,.a-messaga enteving the
node will be forced to join a quena, aﬁd’gg, wheﬁ iﬁVr%aches the head of
the queue, it will Fand toth channels busy, Iﬁithis messnge is to be (
transmitted cvar-channel 1 witu;ardb&bilitﬁ,gTQ‘itfm&szuba:that.the
channel capacity asaigﬁments vasule in @ = wl,-_ﬂbte that we have taken
advantage of the faet that messages with expenentza?ﬂy digeributed lengihs

exhibit no mwemory o8 regands their tr“r mission time.,
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Yow, o om [ ?r izhoonel 1 eopties in {,t+dt) !-I:m:h busy at time O ]
*Pr [chaaunel 2 is not yet empty by }:’-i'both busy at time O ]

8.8)
o= / uC‘le-“clta'““tht'

s 4 e le
o = #lclﬁ{(ucl{ﬂczb CI/C

but
a"fll
therefore | .
Cl = xlc
and alse

Cz ® gzc o (- _xl)C

These two limiting cases for p-‘.afs(} and p--l"hdve constrained the
construction of our system completely, ' '
Wow, let
Ty = Py [incoming message is _trans‘mi_._t:te_&on channel 1 ]

i’n = Pr [finding =n mesgmg&s in the system in the steady state]

Then clearly, o | o
il
Ty Tty Y Z?_ 5 (a8
where W :
qq < Pr {channel i is busy | only one chamnel is busy]

Ty ® E [probability of an arbitrary f'néé_sage being wramsmitted

over channel 11

Fox Uyqe W& write!
G (546D = [PCe)/®) () 1Oyt & [2,(e)/Py (€)1 00C, de)
& qzlit}{.{-kﬂt—p{:zdt]
Assuming a steady state distribution, we get,

0 = (Py/Py D, 4 (B,/00C; - OvuC,da,, @7

Now, since this system satisfies the hypothesis of the Birth-Death

Process considered caviier, we apply Eqn.{A3), with a, = ;163

d, = uc n22), bn = A\, and obtain




wiere p o= Aul,

and = . e g g
Cw B [capacity in use | one chanmel is busy]

= U0 Gy T LGy,

[

Also, recall rhat €, = @0 and C, = #,C #:(1~x13C';

Thus, Egn.{s7) becomes

2

r
£

similarly - .
- Gy, = (:Cxy + “""23 [ G uey §
Low, forming the eqnation,

Gy ¥ Gy T

we cbtain, after scme algabra,

Ut e a2 /200 + My w,)

= sl v 2p) LR 8 olwyn,)

Ve zay now wrige Rgn.{A9) as

CE20) [ (2p ey w0, ) Buty 7 Dy

Ao gCﬁz

e
B

Simpliiving, we gof

4, = a lwip) /[ Qe tp) - ¢£10)
itz 17z : .

Leturaling to Bonl.(AC), we see that the enly way in which_rl can sgual

%, is for Iy ® %y - Bane (215) shows that this is not the case,

whilch demons.ovares that the theoren cannet Le econtradicied for an

-

avbitrory «, , proving the thasrem, i 53
- )
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L caen Fron Tgh, {.3“} L“ﬂ‘ a0 For

12, 1 only, Lﬂc us new g}:n_:ﬁ fvﬁﬁ ncnw( y;dl_OLi {A8):

dowovar, it o

‘g

’

2y Bl wy ¥ (g, ful) @ ‘Ewﬁf“yn;,. D s

2, is found from Eun. {A3) by “equ“ri"

= 1
Z ?11 -

i) e SRR e '
. ' ' _ L]

After gubstituting and simplifying, we gzt
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is divided between tie two channels in propertion to the desired prob-
ability of using cach channel, and for the discipline followed whea a
message finds both channels empty, one merely chooses chonnel i with
probability %, | '

Corollary to Theorem 2 - proof:

In pzoving Theorem 2, it was shown that fdr_ gl w 1/2, 't;.r’f-_si':itab]_.e; |
system could be found to realize this Ky - This result aiso_fﬁllous
dirvectly from the complete symmetry of the two channels, Similariy, the
proof of this corollary follows trivially from recognizing, once again,
the cemplete eymmeiry of each of the N chamnels, @

Theorem 3 - proof:

' . The system considered in this tleovem satisfles the condlitions

of the Birth-Death Process examizmed earlicr, with

b =)\
n .
d, = n{C-C )

Thus, by Een, {43), we find

) 133
n o
P = ?O(x{uy /1 ;Ez {c-ci)} ngl
ox a o '
2= ?opn N !m (1er)] npl (a1

wvhere p = AuC
C.te o | 1
ril‘: Cif'-.- . (&_2)

and P=P
1

o for w0, by definition.

Leg us now solve for 170:

S | i 3
n
Eynwlm?gil-i- Ro 1

o=l n=i

whare I




I

Thus .
e

n

Yy ) ' 3
ER i - (AL3)

't\/ﬁg

L

wlf{l-:ﬁ..

e

How, cccording to the statement of the theorem, let us fora and solve

for ' _ e

%=1 - {€_reyz,
n= _

iloting that E; w by'can'structicﬁ; ané using Bons. {A11) - (A13),

- - - = . B n
no= I’a T Z rnnnp

=,
& Q
14 z; TR o
o ] - oaws )
1% R“p“
' n=i
[o:a] 0
}_n-'zﬁpn—l—- '“I{'_pn
n=1 ° n=l .n .u
nw .
14 9 thn
n=1

ue or

S - =

1+ R pn
s n

1t is important to recegaize here thot Ry muct be defined as

Tihas - . _
= 1 {talon now cu o definition as woll)

.




aud so !
.!.‘{' ZRQ
x=® p n=l
1+ E.pn
n
n=1
or ™ p

which proves the thecrem,

" Theorem 4 - proofs

The systen considerved in this ¢

theorem satisfies the conditicns

[
of the Birth-Death Precess examined earlier. However, we have 1 nodes,
and so we must investigate Il probabilicy distributiens, “nﬁaj, vhersa
o = 1,_,0,.,ﬁ+1 and no® Q,1,2,,., Lat the birth and death vates fox
m . . .
node m be b (=) and n€ 3re$gect1vely. Fith this nntation, we seeo
that '
_ 4l a1 _
{ﬂ) XAV 1 s o {3‘) o "
SRR e, e, 11 - P uxd
n al : W im : i
331 = RS
it
';’:'}u_‘fi"f n= ‘O,'l,o.”,,ri
@ 23
1t . _
',xﬁm apll
X ¢ . .. . . e
An explenation of the bﬁi /s vequxreﬁ 2t tais poiat, hﬁ iz the input
{blreh) raie of messages to nede n from its eniernal soures (by defini-
zion), Ia addition, each of the cther I nodes “ends”massages to usde m,
iet us cousider the } ade's coniy bat:on { %y say ) ko the iuput
rate o¢f node w { § ¢ m):
Clearly,
P 5‘:
j‘-‘t = ?PIQ-E:} Qz:! Q3 wox *. :1:. E Qz?Qﬂ} ~«{Q-}aQ3
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viere Q= event that a message on the channel comneciing nede j to
node 1 ¢bmpl§ces izs trzasmission to node m in an arbitwary
timefiutervnl-(t- t+dt} | '

Q2 = event that an arbitrary messane in rode 3 daes not have
node g for its fina;.adu.ess

03 = event that tha channel uannectiﬂg noda i ro node m is

being used
£ince Qz and_.Q3 are~iﬁdepeﬁdent-events;'W&*get "

and for node j,

=l 92.Q3] - mszll q31 = G fma

Pr{Qz] ' aj N-1 _ T
Priggl e 1 - _{z:';»iﬁ_)(a-i}?a -

The summatica oa j appcararg in the erpression £br b ( Drereiy adds up

the contributions to the 3ant (bireh) vace ng lﬂteaﬂﬂlly routed massages,
Tow, aucorulnﬂ o the definition of ¢ ﬁ_&a Theoren 3, ve con apply

the same cefinition to ecch of the #1 nodes in the prasent théorem,

'hub, in this rase, e sac that

o lw-admie _ ng N

=) B

c VY oa

i 9 - S - nyN

and 50 we recognize, by applicatiun of ?heorem 3 that

Wi i
' 3:‘3! / o ‘}ﬂ ?j .




- 37 -

wiere, by definition,

ﬁf:u

- average imput rate to mode i

pj = Cj - maximum output rate from node j
1 R S
() < [T RN R |
thus b ©7 = X+ j;i Gﬂljmf!ﬂ _ - alln >0
it |

But, since bn{m) is independent of n, it oﬁvi‘o_‘u's-ly satisfies the definition

of !:; { = avevage number of messages per second eatering node m), Thus

' el !
{m) 5 o
.bn = r:a ® Am * j‘f ?-"jajmhq '
| x s .

Mow, using these birth and death coefficients, we apnly eqn. (A3) to get

?OCBB( [a[”cﬁl)n K‘f}fﬂ: . N (ﬂ = 0, 13 veng H?
o (@) ::I
7 <
{m) 0 _“?\q 1 ' . .
PE) ¢ Imfp..mj ;T}“}:!,_ . | o >N

In this case, it is clear that the steady state is defined only when

P = rfy,c: <1 for all
n n T om _ : mw 1, 2, so0, M

This completes the proof of the theovem, . @

Theorenm 5 « preofs

In oxder to show that 21l traffic flowing within the network

considered in Theorem 4, is Poissen in nature, it ie sufficient ko shew
thak
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3

q 4C,t) & Pr Ia message transmisginwy iqaany'channel € of the
unetyerl, is "co".r.pletét‘;:‘ in a time intarval {e, ¢ + avy,
wiere ¢ is arbitrary;

= kde

" wiere &I s a constant, . . ‘
B Let ue show this for an arbitrary chonuel counecting noce J '
{82y) to any other node:
C. =P G, j0,iP H
q (“JR 38;} -~ R«.il .,3.! {QEJ
where ond ¢, are as defined in the prosf of Thecvrenm &, As shewa in
1 3 : ,
the preaf of Theovem &,
and so  ofC,/8,£) = (-'Rf.ﬁ)'dt
3 J
waleh proves the theoven, aud ales shows ghe walus of the menn vate for
the Dofsson trafific o be ﬁﬁ% ' ' %
o '
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